Abstract. Far-infrared transmission measurements are reported for GaAs-(Ga. AI)As quantum wells of widths 100.0 nm, 30.0 nm and 10.0 nm in magnetic fieldsof up to 20 T, tilted away from the normal to t h e quantum well plane by angles of up to U = 50". Deviations of t h e cyclotron resonance field from a cos 0 law, valid for purely two-dimensional systems. are consistent with a coupling of Landau level and electric subband quantizations by a tilted magnetic field. The varied subband Structure of t h e quantum wells allows access to regimes where the subband separation is less than, comparable to. or much greater than t h e cyclotron splitting. The shifts in resonant field position are compared with theoretical models, which are found to overestimate t h e strength of the coupling between t h e subband and Landau level quantizations. T h e technique of tilted-field cyclotron resonance is shown to be a method of probing t h e band bending of a quantum well using asymmetric doping etc.
Introduction
In an ideally two-dimensional electron gas (ZDEG) in a magnetic field ( E ) applied perpendicular to the ZDEG plane, a ladder of Landau levels is formed, and the energy spectrum becomes completely quantized. As the magnetic field is tilted through an angle U only the component of the magnetic field perpendicular to the twodimensional (ZD) plane interacts with the ZDEG: spectral features will thus shift to higher total field. This is a much-used technique in the determination of the dimensionality of the carriers (e.g., Grimes et al 1990) in a system.
In a real system, however, the finite width of the potcntial confining the 2DEG results in quantized motion in this direction: the bound states are known as electric subbands (Ando et al 1982) . Tilting of the magnetic field then results in a coupling of the electric and magnetic quantizations, and the formation of hybrid electric-magnetic subbands (Brummell er a/ 1986, Rikken et al 1986, Singleton et al 1986 , Wieck et al 1987 , 1988 , 1989 .
Spectral features will generally no longer shift as I/cos 0 (note, however, that features dependent o n Landau level degeneracy will still shift as I/cosB (Maan 1984) ). A 026G1242/91/030208+ 10 $03.50 @ 1991 IOP Publishing Ltd rough guide to the importance of these effects can be obtained from the relative sizes of Landau and subband separations ( h a , and E,,); if E,, > hoc the electricmagnetic coupling will be essentially a perturbation, and the behaviour of the ZDEG essentially ideal, but if E , , zz hoc, very large deviations from the I/cos d law will be observed. In this work we have studied the regimes E , , 9 hw,, E , , z hw, and E , , < h o c using cyclotron resonance (CR) in fields up to 2 0 T on four GaAs/ (Ga,AI)As quantum well samples with a range of subband separations. The results have enabled us to examine the validity of both perturbative (Oelting et al 1988) and analytical (but idealized) potential (Merlin 1987 , Maan 1984 approaches to hybrid electric-magnetic subbands. In addition, the results show that tilted-field CR is a useful probe of the confining potential shape in systems where the presence of large space charges may tend to distort the intended shape.
Experimental details
The samples were grown by molecular beam epitaxy in a Varian Gen 11 system at Nottingham University. Three Tilted-field cyclotron resonance separate single GaAs quantum wells (QW), of widths 10.0nm, 30.0nm, and 100.0nm, with Ga0.,,A1,.,,As barriers, were used in the study: each was doped on one side only. As a comparison, a symmetrically doped 30.0 nm multiple quantum well (MQW) structure was also studied. The structures of all the samples are summarized in figure 1, and carrier densities, determined from Shubnikov-de-Haas oscillations recorded during the experiments, are shown in table 1. High magnetic field farinfrared ( FIR) magneto-transmission measurements were performed in a 20 T Bitter magnet and low-field studies were made in a l 0 T superconducting magnet. The substrate of each sample was wedged (to about 3") in order to prevent multiple reflections of the FIR within the sample and the consequent distortion of the resonance lineshape (Abstreiter et a/ 1976 ). The samples were mounted in a rotating sample holder that allowed the angle to be varied smoothly between 0 = k 50". The angle 0 was known to within better than I". The 0 = 0" position was established by comparing the CR positions of small equal positive and negative angular displace- 
where 7 is the single-particle relaxation time and (3.1) where nGaAr is the refractive index of GaAs, and N is the total sheet carrier density (Nicholas et al 1989) . The second term in (3.1) represents the dielectric broadening of the resonance, and can be very significant for highmobility heterojunctions, where 7 is long, and for systems like sample 3, where N is large. For sample 3 with N = 6.8 x 10" cm-', the dielectric term will contribute around 1 T to the linewidth. Experimental cyclotron masses, defined by m* = e E / o , (U, is the cyclotron frequency), are plotted at 0 = 0" for the four layers studied (figure 4). The 100.0 nm Qw (sample 1) mass rises nonlinearly, at a rate which is rather greater than for the other samples, and displays a pronounced anomaly at a magnetic field of 2-3 T. to 12 T and then rises at an approximately linear rate with field. Finally, the 10.0 nm QW (sample 4) effective mass falls slightly to a minimum value around 8 T, and then rises at approximately the same rate as for sample 3. Note that the effective-mass data are here analysed for the broader CR peak; the very sharp peak noted for sample 4 at a field below the main CR is discussed below. Cyclotron resonance in GaAs/(Ga,Al)As heterojunctions has been intensively investigated for the past decade and there are copious data for the variation of effective mass as a function of magnetic field (see, e.g., Langerak et af 1989). Effective-mass studies in quantum wells are, by comparison, rather limited in extent: for a review see Ekenberg (1989) for this are uncertainties in impurity concentrations, interface grading and well widths. Thus, although the primary purpose of the present investigation is to investigate angle dependence effects, it is worthwhile a t this point to comment on the origin of the variations in the effective masses of our QW structures with magnetic field. If the polaron effect is neglected, the effective mass in a ZDEG should be roughly constant at fields below a filling factor of v = 2 ( v = N,h/eB). This is because all the CR transiiions occur close to the Fermi energy, which on average remains at approximately a constant energy. At fields above 1' = 2, however, the Fermi energy is in the lowest Landau level, which increases its energy with increasing field. Thus the average energy of the initial and final states in the CR will increase, and the effective mass observed will increase because of non-parabolicity (Nicholas et a/ 1989, Langerak et a/ 1988). Such an effect is seen for samples 3 and 4, where the effective masses increase with magnetic field above v = 2 (approximately 14 T and 8 T, respectively) at a rate that is in good agreement with accepted values for the non-parabolicity (Langerak et al 1988). A comparison with CR data from heterojunctions (Langerak et af 1988) with a similar carrier density indicates that the polaron effect will have a negligible contribution to the effective mass at fields up to 2 0 T in samples 3 and 4, thus explaining why the increase of mass with field is so close to that predicted by non-paraholicity alone.
In contrast, the 100.0 nm Qw layer (sample I ) exhibits a mass variation, at fields greater than ahout I O T, which is rather larger than would be expected from nonparabolicity arguments alone. Langerak er af (1988) have reported a similar variation for a heterojunction with a similar carrier concentration: the additional contribution to the effective mass is the result of the resonant polaron effects. A spectacular mass anomaly is observed for sample I at 2-3 T, which corresponds approximately to the v = 2 filling factor (3.7 T, assuming N, = 1.8 x IO" cm-*). Mass anomalies of this type have been previously Sample 4 displays a sharp peak at a field below the main QW C R (figure 2). This peak rapidly disappears with increasing 0, and its position does not shift with 8. It is concluded that this is a bulk-like feature, which originates from transitions within the inadvertent quasi-2D~G formed between the superlattice buffer and the substrate: the very gentle triangular potential formed at this interface has approximately hulk-like characteristics. Parallel conduction arising from a similar mechanism has been noted recently in heterojunctions with a superlattice buffer (Kusters et al 1990) .
The effect of the rotation of samples 1 and 2 in a magnetic field on the transmission CR is shown in figures 5 and 6, respectively. For sample I (figure S), the laser wavelength of 61 pm gives a 8 = 0 resonance field of 12.32 T. Upon tilting the sample, this resonance would be expected to shift to higher fields as l/cos0, that is Bcos 8 = constant = 12.32 T for all 8. However, Bcos 0 is found to increase with angle: at t ? = 29", Bcos 0 = 12.95 T, and at 0 = 43.5" it has reached 14.33 T, nearly a 16% rise. A marked increase in linewidth is also noted with angle for this sample. For sample 2, similar results are obtained. In order to discuss such effects further, we shall compare the experimental results with'two different models for a q u a s i -2~~~ in a tilted magnetic field. First of all, we shall discuss an approach using coupled harmonic oscillators. 
The coupled harmonic oscillator model
The coupled harmonic oscillator model (Maan 1984 , Merlin 1987 ) assumes a coupling of two oscillations: a harmonic potential well in the z-direction, confining the ~D E G , and the Landau oscillator states resulting from where U < II = eBsin O/m*, wC1 = &cos O/m* and R = E,,/% E,, is the subband separation: note that, in our (harmonic oscillator) notation the zeroth subband is the lowest, in contrast to the usual notation in quantum wells, where the lowest subhand is numbered 1. Transitions between the levels are simply given by h a , and ho, and at 0 = 0 these correspond to CR and intersubband resonance, respectively. In a tilted field it can thus be seen that there are two branches to the energy spectrum: the lower branch looks like CR for small magnetic fields, and then, as the field increases, asymptotically approaches the energy E,,cosO. The upper branch is similar to an intersubband transition at energy E , , at low fields, and at high fields asymptotically approaches the CR energy This model only takes into account the full-field coupling of the levels 1 i, L+ 1) and Ii + 1, L ) . where Lis the Landau level index. This is a consequence of the well defined z-parity of the harmonic oscillator functions and the fact that all subband separations ( E i + , -E i ) are constant (see also Huant et a / 1988). In a real potential well, couplings between hw, and E,, or between rhw, and E , , (rth field coupling) are possible (Zaluzny 1989) . This is related to the fact that the classical motion in a real potential well has different Fourier components, while a harmonic oscillator only has a fundamental frequency.
The present model leads to a gap opening up in the energy spectrum between E,,cosO and EIo; a t laser energies in this range no resonance can be observed. The presence of this gap leads to a pinning of the resonance energy and a strong line broadening in a fixed-energy, swept-field experiment: in the lowest branch, as the energy approaches E,,cos 8, the reduction in gradient of the transition energy versus field plot due to the gap means that a wider range of field is needed to sweep through an energy-broadened resonance. This is seen in The present model does not take into account hand non-parabolicity. The only correction we can make is to take the observed cyclotron mass as m*(V); at each laser energy this mass will have a different value. The mass is expected to be almost independent of tilt angle as E , is approximately constant. Finally, the model does not take filling factor effects into account.
Comparison with experimental data

Single quantum wells
Experimental values of the resonant field as a function of angle for sample 1 (100nm) are shown in figure 7(a), directly compared with the predictions of the coupledoscillator model for the laser wavelength 70pm (17.58 meV): as stated above, non-parabolicity is not included in the model, and so the effective mass at o", m*(0"), is taken from the zero-angle cyclotron resonance. The only adjustable parameter is then the subband separation E,,,: good agreement is obtained using E , , = 40meV. Similar fits were performed for sample 1 for several different FIR energies, and the results of the fitting process are shown in table 2. Table 2 shows thc fitted values of E,, for a range of different cyclotron energies, and it can he seen that all are close to 35 meV. From figure 4 it will be seen that the effective mass for sample 2 at o", m*(W), is roughly independent of energy. The coupled-oscillator model, which assumes an energy-independent effective mass, can therefore be used to predict the energy levels as a function of magnetic field for certain fixed tilt angles for sample 2: the results of this process are shown in figure 8 , where only the two lowest levels have been plotted (i.e. those in the lower branch). The data are indicated by arrows representing a transition joining the two lowest levels, and E , , has been fixed at 35 meV to provide a good fit over the whole energy range; this value of E , , is the mean Figure 8 clearly shows the bending over of the second level (i.e. the anticrossing behaviour of the lower branch) as the transition energy approaches €,,cos 8, leading to the broadening of the resonance in swept-field experiments. Plots similar to figures 7(a) and (b) for sample 4 (10 nm QW) show only very small deviations from the simple l/cos 8 dependence for a true 2DEG, and fits to the angle dependence using the coupled-oscillator model revealed large values of E , , -80 meV (see table 2). (70 pm), the slope of the line drawn through the experimental data is greater than for all other wavelengths. By comparison with the above results, this indicates that the data up to this energy correspond to transitions within the lower branch of the coupled-oscillator model. The 23.02 meV (53 pm) data, in contrast, has a smaller negative gradient, as does that for 26.13 meV (47 j". Clearly the change in angle dependence noted at 17.58 meV is a strong indication that there is a changeover from lower to upper branch excitations around this energy value for the MQW.
Multiple quantum wells
The coupled-oscillator model predicts a decrease in total resonance field in the upper branch for increasing tilt angle 8 and fixed energy. Our results show a definite decrease in Bcos 0 and a total resonance field ( E ) that is nearly constant. The predicted decrease in the latter quantity would best be seen at energies only just greater than the subband separation, €,v Fits to the lower branch effective massasa function of angle, as performed above for samples 1, 2 and 4, reveal a value of E,, = 27.5 meV: these results are shown in table 2. As it is certain that E,, lies between 17.58 meV and 23.02 meV, this value is certainly an overestimate.
The variation of the resonance field at energies corresponding to the upper branch could not, however, be fitted at all using the coupled-oscillator model: the reason for this becomes apparent on observing the 29.4 meV data, where Bcos 0 once again increases with 8 (see figure 9 ). This suggests that the Landau levels are coupling to a further higher subband, that is the 29.4 meV data belong to a lower branch of this further interaction. As stated above, because of the form of the harmonic potential well, such higher-order interactions are not predicted by the coupled-oscillator model.
The failure of the coupled-oscillator model becomes especially visible when the experimental transition energies (EFIR) in a tilted field are plotted as a function of total magnetic field for several angles, and compared with the branch energies predicted by the model ( figure IO) . The fitting shown in figure 10 for the lower branch uses the zero-angle effective mass for this sample taken from figure 4 ; the magnetic field variation of mass is thus taken into account. The presence of the higher-order subband Landau level coupling leads to the experimental data in the second branch lying well below the predicted model energies. In arriving at the fits to figure 10, it was noted that when a sensible value for E,, was chosen, the model overestimated the strength of the coupling between the subbands and the Landau levels. This indicates that the estimates of E,, from the fits to data in the cases where only the lower branch can be studied (samples I, 2 and 4) will lead to overestimates of E,,; to compensate for the stronger coupling produced by the model, a higher value of the subband separation will have to be chosen to fit the data.
Discussion of the subband energies observed
Having obtained effective subband separations for the quantum well samples using the coupled-oscillator model, we shall now discuss what can be inferred from these values. The theoretical fit to the angle dependence data such as that shown in figure 7 yields a subband separation of 40 meV for sample 1. For a 100.0 nm QW, the subband separation expected from envelope calculations (Bastard 1988 ) is a few meV, so that the value of 40meV is at first sight surprising. However, in this sample the doping is to one side of the well, in the form of a doped n-(Ga,AI)As (n IO'* C I I -~) layer 30.5 nm wide separated from the QW by a 30.5 nm undoped (Ga,AI)As layer. The typical length scales in the pseudotriangular potential well found in a GaAs-(Ga,AI)As heterojunction 214 are dictated by the depletion length in GaAs: the lowest subband in a heterojunction may have a spatial extent perpendicular to the interface of about IO nm (Stern and Das Sarma 1984). Thus, any asymmetrically doped QW wider than this typical length will exhibit considerable band bending within the well, and shifts of the subband energies to values similar to those found in heterojunctions. An analogous way of looking at this is to compare the subband separations in beterojunctions (typicdlly 20-40meV (Wieck et al 1989) ) with those within a symmetrical square quantum well: when the quantum well is wide enough for the former to exceed the latter, the subband structure in an asymmetrically doped quantum well is liable to he chiefly determined by the band bending caused by the charge transfer from the dopants in the (Ga,AI)As to the quantum well (i.e. it will be heterojunction-like). The 100nm QW is sufficiently wide for the electric field arising from the dopants to cause a very significant bending down of the GaAs hands on the side towards the dopant layer, so that there is a pseudotriangular potential well akin to that in a heterojunction inside a QW. Typical subband separations in heterojunctions with a similar value of N , to sample 1 vary considerably depending on acceptor doping concentrations (Stern and Das Sarma 1984) . However, a value of 35 meV is typical. The subband separation from the fits above is about 5 meV higher than this, and there may be two causes for this difference:
(i) The tendency of fits using the coupled-well model to give an overestimate of the subband separation (see section 5.2 above);
(ii) the depletion charge in the 100 nm QW may well be higher than that for a typical high-quality heterojunction, leading to a higher electric field at the interface, and hence to a larger subband spacing.
In order to eliminate conclusively other possible locations for a ~D E G in a heterojunction-like potential well in sample 1, a selective etching procedure was used to remove the GaAs capping layer in order to eliminate the possible observation of a spurious CR signal from a ZDEG which might be.formed between the GaAs and the doped (Ga,Al)As layers. The observed signal was unchanged after this etching procedure and it is therefore deduced that the CR shown in figure 2 originates from electrons in the 100.0 nm QW.
Turning to sample 2, a subband separation of 35 meV is somewhat greater than would be expected in a 30.0 nm QW since envelope function (Bastard 1988) calculations suggest a figure of 16-17 meV. The QW used in this investigation is, however, modulation doped from one side, so it is probable that the electrons are confined at one interface only. The high carrier density of 7.2 x IO" cm-' (obtained from Shubnikov-de-Haas measurements) is easily sufficient to bend the conduction band into an approximately triangular form. Thus, once more the electrons will be confined in a roughly triangularshaped potential well, which for the lowest subbands will be narrower than the full width of the QW, and so lead to Tilted-field cyclotron resonance a larger suhband separation than that predicted for a flatbottomed well (Stern and Das Sarma 1984) .
For sample 3, a value of E,, between the discrete laser energies of 17.58 and 23.02 meV is obtained from the behaviour of the gradients noted in figure 9 . The envelope function calculations (Bastard 1988 ) for a square quantum well of this width yield estimates of 16-17 meV, and the analytical theory fit (table 2) g' ives a subband separation of around 27 meV. Since the well is symmetrically doped, a symmetrical hand bending at the bottom of the well is to he expected (in contrast to sample 2) and a closer agreement between the envelope function calculations and the experimental value for E , , might he expected than was the case for sample 2. The 27 meV value for E,, obtained from the fitting procedure lies just a few meV above the upper limit deduced from gradient behaviour: this discrepancy underlines rhe shortcomings of the model.
Sample 4 is a 10.0nm square QW, and envelope function calculations (Bastard 1988) indicate that the two lowest suhbands should be spaced approximately 100 meV apart: this is much larger than typical subband separations in a heterojunction, and so the suhhand structure will be chiefly determined by the handoffsets of the QW, and be correspondingly large. The value of E , , = 100 meV predicted by the envelope function calculation is much greater than the highest FIR excitation energy of 29.4 meV used in the present study. Therefore, the measurements on sample 4 were all made in the E , , % h o c regime. This is the reason for the observed deviations from the cos0 rule for sample 4 being much smaller than for samples 1 to 3, and the fitted value of E , , being rather large.
Comparison with the perturbation theory approach
Oelting et a/ (1988), using a second-order perturbation theory, derived an expression for the ratio of cyclotron mass at 0 = 0 to that at 0. A fitting parameter in their calculation is the suhband separation energy I ? ,~ This expression is valid only for triangular potential wells in small perpendicular magnetic fields (hw,, 4 €,,).
The perturbation theory of Oelting et a/ (1988) has been fitted to the present data, and the limits of validity of the approach are deducible from a comparison of the E , , values extracted from this fit with those obtained from the analytic model of section 5. Figure 11 shows experimental mass ratios plotted for sample 2 as a function of the perpendicular field component for angles up to Q = 40". A best fit to the experimental data, using the perturbation theory approach, is shown from which a mean value of E , , = 30 meV is extracted. The fit beyond ahout 12 T with E,, = 30 meV is evidently poor, although a better fit may be achieved to all the data points with an unrealistic mean value of E , , = 50 meV. The reasonable agreement between the values of E , , provided by the analytic model (see table 2) and the fit to data at low fields using the perturbation theory approach indicates that the model of Oelting et al(1988) is valid for low fields only. Similar arguments apply to sample 1 (the 100 nm Qw) for which an E , , value of 40 meV was deduced in the low-field case. Again, reasonable agreement with the analytical model value of E , , is obtained (see table 2 ).
For sample 3 (the 30 nm MQW) the condition ho,, 4 E,, is not satisfied, and so the perturbation theory treatment was not attempted. For sample 4 the perturbation theory analysis failed completely as the mass ratio remained essentially unity for all Bcos 8. This is to be expected, since for this sample the experiment was performed in the approximately linear region of the lower branch of the excitation spectrum depicted (for another sample) in figure 10.
Concluding commenls
We have measured the energy dependence of tilted-field transmission CR i n Q W samples of widths IO nni, 30 nm and 100 nm, and a MQW ( x 10) of 30 nm. The wide range of subhand separation for these Ow samples enabled us to examine three distinct regions of the coupled intersuhband/cyclotron resonance excitation spectrum. Shifts in resonant field have been compared quantitatively with the prediction of an analytical coupled oscillator model (Maan 1984 , Merlin 1987 ) and a perturhative approach (Oelting et U / 1988). Three cases have been studied: (a) When E , , is much greater than hoc (i.e. in the IO nm ow, sample 4) shifts in resonance field approximate to that of an ideal ZDEG, that is the ' l/cos 0' rule for magnetic shifts is obeyed.
( b ) When E , , is just greater than h q (i.e. in the 30 nm and the 100 nm QW, samples 2 and l), a very large deviation from the I/cos 6' rule has been observed. The experimental measurements may be fitted to the lower branch transition predicted by the coupled-oscillator model.
( e ) When E , , is less than hw, (i.e. in the 30 nm MQW, sample 3), shifts in resonant field are noted at a rate less than that predicted by the I/cos 0 rule. This indicates that the transitions are for the upper branch excitation spectrum only. Although BcosS decreases with 0, negative shifts in total resonance field (as predicted by the coupled-oscillator model) are not observed, because of the presence of higher-order couplings. The comparisons of experimental data and the coupled-oscillator model indicate that the latter overestimates the coupling strength between the subbands and the Landau level leading to an overestimate of E , , in the fits for the other samples.
The coupled-oscillator model uses an idealized parabolic potential, whereas the real conduction band profiles in the QW are very different and will approximate to either single or double triangular shapes dependent on doping symmetry. The model only takes into account the full-field coupling of the levels I i, L+ I ) and I i + 1, L ) , and takes no account of band non-parabolicity or filling factor effects. In view of this, the differences between the present experimental results and theory are not surprising. The present measurements have also been analysed, where appropriate, in terms of a perturbation model (Oelting e t a/ 1988). The model is seen t o be of limited validity, but with judicious magnetic field limits is seen to yield similar values of E,, to the coupled-oscillator model.
Throughout this study it has been assumed that the observed angle dependence effects are manifestations of the coupling between electric subbands and the Landau levels. It is known from CR measurements i n simple threedimensional systems that shifts in the resonant field position and lineshape can occur as the magnetic field is tilted from the Faraday to the Voigt orientations. The angle effects obtained in such experiments are consequences of plasmon coupling, and they become significant when the frequency of the incident radiation approaches the (three-dimensional) plasma frequency. For the quasi-two-dimensional electron gases studied in Qws in the present case, however, coupling to such collective modes (Ando et al 1982) is unlikely t o occur as the layers are not patterned with coupling grids. Thus any angle-dependent behaviour arising from this source may be discounted. It is also noteworthy in this connection that studies (Kusters et al 1990) of tilted-field CR in very high density ( N , > 1OI2 cm-') GaAs/AlGaAs heterojunctions have also been interpreted without recourse to such coupled plasmon effects.
Finally, it is noted that the present technique of angular CR could be refined to provide more qualitative assessments of potential well shapes. Further developments will require a coupled-oscillator theory that is more appropriate to shallow triangular potentials.
